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In this paper a new approach to metastability for stochastic dynamics is
proposed. The basic idea is to study the statistics of each path, performing time
averages along the evolution. Metastability would be characterized by the fact
that the process of these time averages converges, under a suitable rescaling, to a
measure valued Markov jump process. Here this convergence is shown for the
Curie-Weiss mean field dynamics and also for a model with spatial structure:
Harris contact process.

KEY WORDS: Metastability; stochastic dynamics; mean field theory; con-
tact process.

1. INTRODUCTION

A large class of thermodynamical systems undergoing a phase transition
exhibits the phenomenon of metastability. Let us consider, for example, a
ferromagnetic system below the critical temperature. If we start from an
equilibrium state when the external magnetic field is # = 0* (one can think
to prepare this state by slowly switching off a positive magnetic field) and if
we let it evolve, after having introduced a small negative magnetic field,
then we observe that the initial situation—which is characterized by a
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positive magnetization—opersists for a long (macroscopic) time. In other
words, the system instead of undergoing the right phase transition, remains
for a long time in an apparently stationary situation until some external
perturbation or some spontaneous large fluctuation will “nucleate” the new
phase, starting an irreversible process leading the system to the true
equilibrium phase, with negative magnetization.

In this paper we consider the metastability as a dynamical phenome-
non that occurs in a very general situation. We can describe this phenome-
non in the following way: we have a stochastic process with a unique
stationary probability measure, but if the initial conditions are suitably
chosen then the time to get to the asymptotic state becomes very large, and
during this time the system behaves as if it were described by another
stationary measure; finally, and abruptly, it goes to the true equilibrium.

One possible point of view on metastability is that of the “evolution of
the ensembles.” It consists in giving prescriptions to construct a state, that
is, a probability measure on the configuration space, which should describe
the statistical properties of systems in a metastable situation. Then, to study
the dynamics of metastability one can consider the time evolution of the
probability distribution on the configurations, starting with the “metastable
state.” In this framework one gives the following dynamical justification for
the choice of a given probability p as the correct one to describe metastabil-
ity: the average values of the physical observables with respect to the
probability distribution at time ¢ are very slowly varying functions of ¢ for
suitable values of the thermodynamical parameters. Also, starting from an
initial distribution different from p, the time evolution of the average values
is expected to exhibit a rapid variation toward the quasistationary (slowly
varying) situation. (See Refs. 2, 10, and 11.)

In this paper we take another, different, point of view, which could be
called the “pathwise approach.” We consider single typical trajectories and
study their statistics in the most natural way, i.e., we perform time averages
and try to detect the behavior just described; namely, we try to see if the
time averages over almost all trajectories are practically stationary for a
very long period, until some large fluctuation will lead the system to
another, completely different situation.

One important remark must be made: typically the time until the large
fluctuation occurs has a very wide distribution. Thus if we look at the time
evolution of the averages with respect to all trajectories, what we usually see
is a smooth behavior, even though every single trajectory has a very sharp
behavior. The reason why the averages over all trajectories approach the
equilibrium very slowly is related to the fact that the time to the large
fluctuation is very large.
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Then, it is clear that by looking only at the time evolution of the
probability distribution, it is very hard to distinguish between the kind of
behavior of a single trajectory as described above and another, completely
different behavior: a smooth, very slow evolution toward the stable situa-
tion. This last one has nothing to do with metastability. Nevertheless, we
stress again that in the approach based on the evolution of the ensembiles, it
is difficult to catch this difference.

To get an intuitive picture of what happens in the class of models we
study here, let us consider a diffusion of a particle in a random medium
(Brownian noise) with a drift given by — da(x)/dx, where a(x) is given in
Fig. 1. (This is in fact a continuous version of the first model we consider.)
For an initial condition x < x, the particle is driven to x,, and under the
action of the medium it starts oscillating around it. This is so until a large
fluctuation lets it jump beyond the barrier at x,. Then, the drift leads it to
the absolute minimum x,, where it will start oscillating again until a new
fluctuation brings it back to the first region. The smaller is the diffusion
coefficient, the larger the time spent before the first jump.

There are two crucial quantities: the exit time from the region of the
local minimum 7, and the “time of thermalization” 7, i.e., the typical time
between two consecutive passages through x,. For very small diffusion
coefficient we have 1 < T, as it is well known!'? and as we shall explicitly
show in our examples. The main feature of these processes is the relevance
of the large fluctuations: the actual transition from one oscillating center to
another is not due to oscillations that gradually get larger and larger, but to
an abrupt motion against the drift.

To make this picture more precise we will describe these kinds of
phenomena in some limit case, where the transition from one region to the
other can be made particularly sharp. We shall show in our examples that
letting T, + oo together with the length of the intervals over which we
take time averages, and by properly rescaling the time these measure-
valued processes converge to a measure-valued Markov jump process. This
also allows us to single out the two main regimes.

It is important to stress that the Markovian property of the limit
process, i.e., the exponential distribution of its jump time, reveals the
impredictability of the transition from one regime to the other. In fact, this
impredictability together with the statistical stability of the system before
and after the jump may be taken as the basic features of the metastability
phenomenon.

What we have described in the last paragraph is in fact a new proposal
to describe metastability in stochastic models. In this paper we verify this
kind of behavior in two different models: the first is the Curie-Weiss model
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which, in spite of its inconsistency as a statistical mechanical model, is
traditionally considered the first test for new ideas in this area. The second
is the basic contact process of Harris (on 7), that has an extra interesting
point, which is its spatial structure.

2. METASTABLE BEHAVIOR OF THE CURIE-WEISS MODEL

Let us consider a system of N Ising spins 6, € { — 1, + 1} described by
the Hamiltonian

J J
Hy(oy)= — v Z:joioj— h;ai—— 5 2.1
where o, = (0,, . . ., 0y). The Gibbs distribution for such a system is
1 —pH (s,
P(oy) = 7.¢ BH(ew) (22)
where
Zy = z e ~BHy(on) (2‘3)

ovE{—1L+1)¥

and B is the inverse temperature. For simplicity we shall choose J = 1. If n
is the number of positive spins in the configuration oy, we have

(2n— N
—

Thus, under the Gibbs measure, the probability of having n positive
spins, according to (2.2), is given by

Py(n) = ZLN( N )e‘BU(”) 2.5)

Hy(oy) = U(n)= — —hQ2n—N) (2.4)

As in Griffiths, Weng and Langer!” we consider a time evolution for
our system in terms of a Markov chain in discrete time. The transition
probabilities { 0, ,} will be given by

Ouner = expl = B[ ay(n+ 1)~ ay(m)]}

N —
Qun-y = exp{ = 5 [an(n = 1)~ ay(m)]) (26)
Qn,n =1- an+1 - Qn,n—l
forn=0,..., N except that Q, _, = Qy . =0, where

ay(n) =+ [ BU(n) — 1og(f,\{)] @7
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It is immediately seen that P, [given by (2.5)] is the unique invariant
probability for this chain.
Now, introducing the “magnetization” variable

——20—2”’_ 2.8)

i=1
we define, for x €[—1,1], ay(x) = ay[(Nx + N)/2].
It is easy to check that

lim ay(x)=a(x)= _lg(%z +hx)+ l-gxlog(l"z_x)

+(1;x)log(15x) (2.9)

and that

aN(x)—-a(x)+—(——)+0( Nz) (2.10)

where v is a continuous function on [—1,1]. The graph of the function
a(:)y=a(B,h,-) for B > 1, with & positive and small is given in Figure 1,
where x|, x,, x, are the solutions of the equation

x = tanh[ B(x + h)] (2.11)

From now on we shall assume that 8 >1 and 0<A<[(B—1)
/B12+ (1 /B)log] B'/? — (B — 1)!/?] so that we have the picture as given
in Fig. 1.

From (2.6) and (2.10) it is clear that for large N, the time evolution of
our system is that of a one-dimensional random walk between two reflect-
ing barriers whose drift is given, roughly speaking, by —(d/dx)a(x).
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Before stating our results we give some definitions. If N is an integer
> 2 let
(-1 -1+2 -2
Qy { L-l+%, .., N,l}
Let (§y(9));en be a Markov chain (M.C)) with values on {,, with
transitions

(gN(z+1)_—1+ 2’”‘5N(z)— 1+ ) Oum

where the @, ,, are given in (2.6). Usually we put an upper index to denote
the starting point, i.e., (§y(?)),5¢ denotes the previous M.C. with £7(0) =
—1+4+2n/N,n=0,...,N. For convenience we may take these processes
defined on (2,)", the space of all trajectories.
The unique stationary probability measure will be denoted by pu, .
We denote by iy(N), ij(N), i,(N) and i,(N), respectively, the integers
such that

2N) L )

< x ~ for j=0,1,2, and
(2.12)
2iy(N) _ | 2(is(N) + 1)

where x,, x,, and x, are, respectively, the local minimum, the absolute
minimum, and the local maximum of the function a(-). Also, let us call
Ei(),;50 the M.C.on {1, =1+2/N, ..., = 14+2i,(N)/N} such that
&0)=—-1+2n/N (n< i*(N)) and transitions

(gN(t+ )=—1+22 |20 (1) = — 1+ 2 )= O, (214
where
Ot = Oim if /<iuWN)—1
Q, (NN -1 =0, LN, (N) 1

Qi*(N),i*(N) =1- Qi*(N),i*(N)—l

In other words, the process £ has the same transition probabilities as &
to the left of —1 + 2i,(N)/N and we have introduced a reflecting barrier
at —1+ 2i,(N)/N. Obviously, all these processes may be constructed in
()N in such a way that if we start at the left of — 1+ 2i(N)/N

élc(t)=£1?/(t) Vt nt (N) (215)
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where
T = 1nf{ > 08 (1) = —1+2f} (2.16)

Let us call i, the invariant probability measure for &.

Notations: (1) T, denotes T}y, ; )

2 wq-1+ l]) denotes the ‘space of probability measures on
[— 1, +1] with w* topology.

(3) If S is a metric space D([0, + =), S) denotes the usual Skorohod
space.()

(4) T is defined as in (2.16), but for the process .

The Results

Given integers R > 1 and N > 1, we define the following empirical
process of time averages:

[s+R]
1
AR (s, ) = 2 > Sgp(c),  5>0 (2.17)
k=[s]+1
where 8, (-) denotes the unit mass at x.
We can state the following:

Theorem 2.1, There exists a sequence of numbers Ry?+ oo such
that the processes (Ag (SET),)),s, converge in law on D([0, + o),
D[ 1,1]), as N> oo, to a jump process (A (s, -)),5o given by

1) if s<T
/
\6 if s>T

where T is exponentially distributed, with mean 1.

A(s, ) =

Theorem 2.1 will be a consequence of the next proposition together
with Theorems 2.2 and 2.3.

Proposition 2.1. As N— +co the random variables T}, (N)/
ETY (M) (v converge in distribution to an exponential distribution " with
nl.
mean

Theorem 2.2. Letting Ry = E(T))/N, and [ =max{/ EN: IR,
< T, and defining, for all € > 0, all interval J = [a,b] C[—1, 1] such that
x; € (a,b), the event 'y, as

Ty=[l=0] u[z;; > 1, sup |4 (IRy,J) — 1] < e}
<0
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Then
P(Ty)—>1 as N—>+ow

Remarks. (1) Proposition 2.1 implies, in particular, that P[/} = 0]
—0, so that P[I} > 1, sup,_,|Ag (IRy,J)— 1] <] converge to 1 as
N— + o0 in Theorem 2.2.

(2) Defining Ry, = ryRy with Ry as in Theorem 2.2, and ry, > 1 integer
such that, as N— +oo: (a) ry— +00; (b) Ry/ETYN—0 [and so P(TY
< Ry)—0, by Proposition 2.1], we can say that for J as above;

P| Ty > Ry, sup |Ag, (IRy,J) = 1] < e}————)l
1<k

N>+

leN

where Iy =inf{/ eN:(I+ry — )Ry < TN < (I + ry)Ry}. Thus, since
Ry/ R}, —0 we get

P[TN >R, sup  |AY(s,J)—1]< e} 1
N

s <[ T¢—R N>+
Clearly, such a sequence can be found. Actually, since Theorem 2.2 works
equally well for R, = ETY/N? we may take R}, = ETY /N, by previous
considerations (i.e., the same choice made in Theorem 2.2). Same remark
applies to what we do in Theorem 2.3 and 3.3 and their applications to the

proof of Theorems 2.1 and 3.1.
In the proof of the previous theorem we shall need the following:

Lemma 1. Let us consider the process £% defined by (2.14). Then, for
all J = [a,b] C[—1,1] such that —1 + [2{(N)]/ N €(a,b), for all /, for all
e>0,and T > (4/e V 7y /2)", the following inequality holds:

T -
' X S H(E0) - ﬁN(J)} >e

E( Tl,i,(N)) + 47y + Oy Gy, 1
eT ;}%TI/Z ,','-N €2T1/4

< const (2.18)

where fiy(J)= gy N QN), Ty = E(T, I(N)n(N)) is the mean recurrence
time at iy (N), oy = E(T; ()¢ N)) and I,(-) is the characteristic function of
the set J.
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Remarks. (1) Applying the results of Lemma Al to the inequality
(2.18) we obtain

T
P ‘% ZOIJ(£}C(Z))~EN(J)‘>E < CIeCZNB/“(L-}-L_{. 1 )
=

eT ‘/T €2T 1 /4
(2.19)

(2) Sometimes we omit the lower index N, and we write i, 7, G,
etc....

Proof of Lemma 1. Let us consider the trajectory & (z) for 0 < ¢
< T. Let ny be the number of returns to — 1 + {2{,(N)]/ N and let p, be the
time of the ith return with p, = T} 5, . For all trajectories such that p, < T
we can write

S 1,E0) = 3 1(E0)

nr i
+> > I (g,’v (1) + 2 1, (gN(z)) (2.20)
i=11=p;_+1 t=p, +
Thus, we have this sum where n, and the p;’s are random variables (if £ = 0
Sk_, =0 by convention), and we get

’iT zzj(éw))—a,vu)]x

t=1

P

Po € 1 pnT €
< — =
P[T> }+P[ = >4}

T E Z (g/(t))*ﬁzv(f) >e€/2

i=1t=p;_;+1

(2.21)

The last term on the right-hand side of Eq. (2.21) is bounded by

[T/7+T3/9]
Pllny — T/7 > T¥*] +
n=[T/7~T34]

_l— n

i t=p,

Zj ($N (t)) ﬂN

€T -
R ”} (2-22)
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Then, since n7 — T/4 < T < n7 + T4, if T > (4/¢)* we have that for
all n in this sum, the corresponding summand is bounded above by

P lﬁ){l §p] IJ(E,{,(t))——ﬁN(J)} > €/8 (2.23)

Pt | T =g +1

where we have also relaxed the condition n; = n, so that p, is not con-
strained to be less or equal to T anymore. Since [y (1) = ~ 1 + 2i(N)/N]
is a recurrent event which is persistent we have

E(ny) = %Var(nT) =T5/7

Moreover, as it is shown in Lemma A2:

Thwy.imy -
E 3 LEW™) =) (2.24)
t=1
Therefore the following inequalities hold:
Plpo/T > ¢/4] <AET] ,/Te
P[(T—opn7)/T > ¢/4] <47/ Te

Pl|ny — T/7 > T°*] < 5/7T"?

and
n P;
Pl Ll s LE) = iy (1) > /8| < 645/ ni’e?
i1 T tep +1
Thus, for T > (4/e V 7/2)*, we get
T
1 7 —
P l“f > 11(516(")) —Bv(J)] > €
=0
ETiwn | 5 5 5 1
<o — +7€+#T‘/2+¥?T1/4} (2.25)

for some constant C. Also, by Lemma Al it is easily seen that
_ 2ig(N) 2iy(N)
ET,{,YI(N)<Clexp{N[a(-—1+ N )—a(-1+ i )

< Crexp(C,N %)

where C,,C, are positive constants. Moreover, by Lemma A3 we get
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analogous estimates for 7 and 6 so that we may also write

1 1
< Clexp(C2N3/4)( a7t —‘/: 2T1/4)

for some positive constants C;, C,, as claimed in (2.19). W

T
lT tgolj(é,’v(t)) — By (J)| > €

Proof of Theorem 2.2. Given ¢,J, N define the event

(I+ 1Ry

e

IRy

B = <e|, I=01,... (2.26)

For any positive integer K we have

P(Iy) = P[It =0] + i P(1;=L)P( B,]l,i",=L)

O<i<L—1
> P[Ip=0]+ 2 P} = L)(l - L sup P(Bf|1% = L))
—1
and we have used (2.15). Thus, to prove the theorem we have to show that

for the R, given, there exists K, such that the following conditions are
satisfied:

where
(I+ DRy

£

IRy

Bf =

(1) KNRN/ETG“V)——> +
N—>+o0

ii K2 sup P(Bf)——0

L N0<l<pKN ( ! )N—>+°°

and this can be easily done, choosing K, = N2 In fact with this choice (i)
is trivially satisfied and for N sufficiently large:

(a) v ()= 1| <e/2 if x, E(a,b)
as we can easily see, and
(+ DRy

B S L(E0) - m)

t=1Ry

(b)y P >e/2

g—exp{ - % [a(xg) — a(x,)]}

where we have used Lemma 1 for 7' = R,,, and we have expressed ET," by
means of the leading term given by Lemma Al [see (2.26)]. W

< Crexp(C,N*%) -
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In order to describe the behavior of our system after the first passage
through the point — 1 + 2i{*(N)/ N we notice that

N
P(T 5 wyiemy < Toewyaan) 5720 1 (2.27)

as a consequence of Eg. (Al").
Then, using again Eq. (Al) and Chebychev’s inequality, it is very easy
to see that

2 N
P(Tinyiuwy > N2 Ty iuwy < Tinw, fo<N)) 0 (228

Now for a given i(N): iy(N) < l(N) < i5(N), that w111 be chosen later,
we introduce a new Markov chain éN(t) on {—1+2i(N)/N,...,1—
2/N,1} with EN(O) —1+ 2n/N and transition probability given by
) Q~[m

P(é;;(z+1)=—1+27’”'

with
Opm=0m if I>i(N)+1
Qz(N)z(N)+l Qt(N):(N)+1
and
Qi_(N),i‘(N)—l =0
QF(N),{(N) =1- QF(N),E(N)+1

That is, we introduce a reflecting barrier at i(N )
Now we specify the choice of the auxiliary point i(NV). It has to satisfy

the following requirements:
(1) The time averages on the time interval R, = ET) /N are stable

during the typical times to reach i(N) starting from i,(N).
@)

ETiz(N)J(N) 0
ET;\II N—>co

It turns out that a possible choice for /(N) is the following:

i(N): NET§ < ET,y,yn, < N’ET}

Theorem 2.3. Ve >0, V.J = [a, b] such that (a,b) 3 1 — 2i,(N)/N if
we define for Ry = ETN/N

P =inf{1 > 0 IRy < Tf¥yy iy <(I+ DRy }
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and
(1+1)RN
T(N) = (1** =0} U {1** 21 s 2o 3 L{E0) - 1< }
Then
P(I‘N)—-—>I

N— o0

Proof. Following the same lines and using the same notations of the
proof of Theorem 2.2 we define
EJ

. [(+ DRy)
Bf =
and we show that for K, = N* the following conditions are satisfied:

L& (1) - 1>

Ry TRy

() KyRy/ET,nyiowy 572
(ii) K3 sup P(Bf )50 =
I< Ry

Remark. As in the case of /¥, we can see, as a consequence of
Proposition 2.1 and Lemma Al, that P({5*=0)>0 as N—> +o0, for
previous choice of R, .

Proof of Theorem 2.1. For the moment let us assume Proposition 1
is already proved, and let us see how to deduce Theorem 2.1.

From Proposition 2.1, Theorems 2.2 and 2.3, and Egs. (2.27), (2.28) we
deduce quite immediately that for each continuous function fon [—1, +1]
the processes (A4z (sETN ), s > 0) converge in law on D([0, + o0),[—|| f]I,
1 fID, to a jump process (X,(f), s 2 0), given by

X(N)=f(x) if s<T
where T has an exponential distribution with mean 1. [ Remark: Notice that
ET. ny,iqny/ ET; vy () F o0 as N> +oo and this is why we do not
b 0! 1

see any return to x,.]

But the situation is as follows. We have a family (X, s > 0), N >
1 of real-valued processes with paths in D([0, + o0),[—M,M]) (M=
sup,| f(x)|), verifying the following: there exist random variables 73 con-

verging weakly to a unit mean exponentially distributed random variable,



616 Cassandro et al.

: : P P
and random variables 8y > 0, 74 > 74 with 75 — + o0 and 8, ——>0,
and there exist a, 8 € R such that for all ¢ > 0

P[ sup | XN — a| > e}-—)O

s<1'11/

P{ sup XN - B|> eJ—%O

Sy+Th<s<7h

as N—> + w. [Here we are using Theorems 2.2 and 2.3 together with
previous remarks that, by Proposition 2.1 we get P(/} = 0)—>0 and P(/}*
= (0)— 0 in those theorems, as well as Remark 2 after Theorem 2.2.]

In fact, in this situation, conditions (i) and (i) of Billingsley'" are
easily verified, ensuring tightness on D([0, b],R) for each b > 0.

Now, we can argue as in Ref. 4 to obtain tightness of the family
(AR, (SET}), 0 < s < b) on D([0,b], M [~ 1, +1]), for each b > 0. Then
-identification of the limit is very simple, W '

Therefore, what we must do is to prove Proposition 2.1.

Proof of Proposition 2.1. It consists of two steps. Let Sy =
T)/ETY. Then, (a) if S is the weak limit of some subsequence (Sy, ), it
verifies

P(S>t+s5)=P(S>0OP(S >5) forall s,7>0.
(b) The family (S,, N > 1) is uniformly integrable. W
Remark. Proposition 1 follows at once from (a) and (b) above.

Now, (b) can be verified through Lemma Al and analogous calcula-
tions for E(TY)? which can be used to see that E(T")?/(ET")? remains
bounded as N = + co.

For the proof of (a) let us recall that for the process £, we have

TN C,N¥4
sup ET; vy < Cre™?
1<i (N)

for some constants C;, C,. Thus if we take ay = e™’, where 3/4 < y < 1,
we have

ay/ETY —>0

sup ETN n)/a, 20 as N-+o
1<i (N)

Now, if 5,7 > 0, defining

1= inf{u > SET) : &y (u) =j}
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if N is large enough so that ay, < [tET], we get
P(3w) > SET,) + ay, T >(s + )ET))

[SETY + ax]

> Tuwy(Evw) =0, T >(s + 1)ET)
u=[sETN]

=P

[SETL,N + aN]

> uenEv@) =0T >(s + nET)
u=[sET;V]

<P

< sup P(T_",f}"(,v) >aN)
[<i (N)

which converges to zero as N - + oo (by Chebychev). Thus, if s, > 0,
P[T) >(s+ 0)ET}] - P[ TY >(s+ NET), ;yy < SET} + aN}
goes to zero as N — + oco. But this last term can be written

[sETaN+aN]
> PTV >kt = k|
k=[sETY ]

XP[TY >(s + )ETY | T} >k, i) = k]
which (using the strong Markov property) is bounded above by
P(T) > sET)P(T) > tET) — ay)
and bounded below by
P(T)Y > sET) + ay, 3y < SET,” + ay)P(T,Y > tET])
Since ay / ETN — 0, these facts clearly imply (a) because as above,

P(TY > sET) + ay) ~ P(T) > sETY + ay, t3(yy < sET,' + ay) >0

3. METASTABLE BEHAVIOR OF THE CONTACT PROCESS

3.1. Definition of the Process

The basic one-dimensional contact process (as defined by Harris) is a
continuous time Markov process taking its values on the set %7(Z), of all
subsets of Z. It can be described informally as follows: particles are
distributed in 7 in such a way that each site is either empty or occupied by
at most one particle. {(¢) denotes the set of occupied sites at time 7.
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The (stochastic) time evolution can be described as follows. Each
particle disappears after waiting a random time exponentially distributed
with mean 1, independently of the behavior of the others. Before disappear-
ing each particle keeps trying to create new ones at the neighboring sites, at
random times distributed as a Poisson point process with parameter 2A,
where A > 0. More precisely, each particle waits a random exponential time
with mean 1/2A, independent of everything else, and then it puts a new
particle in one of its nearest neighbors, chosen with probabilities 1/2, 1/2,
and so on. At each of these creation times, if the chosen site is already
occupied nothing happens.

Following Harris® we will construct the contact process with the help
of a random graph in the “space-time” diagram Z X R_. For each i €
z cons1der three independent Poisson point processes on R, : (7)), cn»
('r’),,eN,(fr )neN, with parameters A, A, and 1, respectively (i.e., the random
variables 7{,75 — ¥}, ..., 7., — 7., ... are independent exponential ran-
dom variables with mean 1/A, etc.). We suppose that for / varying in 7 the
processes are all independent.

Now, for each i € Z we draw arrows from (i,7}) to (i + 1,7}), from
(i,73) to (i + 1,73), etc. Secondly, we draw arrows from (i,7]) to (i — 1,7}),
from (i,;) to (i — 1,7)), etc. Finally we put down + signs at each of the
points (i,7)), n=1,2,... . (For this graphical construction, see also
Ref. 5.)

Given two points (i,s) and (j,¢) in the space-time Z X R, with 5 < ¢,
we will say that there is a path from (i,s) to (j,#) if there is a chain of
upward vertical segments and arrows in the random graph we have just
constructed, leading from (i,s) to (j,¢), following (horizontally) the direc-
tion of the arrows and without passing (vertically) through a +.

Now, given A € #(Z), we will define the process (£(¢), ¢ > 0), start-
ing at 4, in the following way:

£4(0)=
and for ¢ > 0, £*(¢) = (j € Z: there is a path from (i,0) to (j,?),for some
i€ A4).
(A glance at Fig. 2 may help in understanding the definition of the

process. For more details see Harris® and Griffeath.(¥
Exactly in the same way we can define contact processes taking values

on Z({—N,—N+1,...Y) or on Z({—N,—-N+1,..., N-1,N)),
where N is a positive integer. In the first case it is enough to take Poisson
point processes indexed by i > — N and, for i = — N, to consider (7, "), |

and (?,,‘N )es1 (€., a particle at site — N can only create new particles at
site — N + 1). The contact process with values on Z({—=N,-N+1,...})
is denoted by (§_ n, 4 o) (1));50- Now, in order to define a contact process
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on Z({—N,—N+1,...,N—1,N}) we consider only Poisson point pro-
cesses indexed by i= — N, ..., N; fori = — N we only take ('T-H‘N),,>1 and
(7, M),>1, and analogously, for i = N we only take (7,"),; and (1,"), .
The process defined in this way will be denoted by £, (2), t > 0. In all cases
the upper index will indicate the initial configuration [i.e., & (0) = 4].

An enormous amount of results have been produced about the contact
process since the pioneer paper by Harris® was published. A quite exhaus-
tive review can be found in Griffeath,(® which contains most of the facts
about the process which will appear in the proof of our theorem. Here we
just indicate a basic ergodic result which we shall use to enounce this
theorem.

It is obvious that the probability measure concentrated at the empty
set 8, is invariant for the contact process. Now, there exist A, such that if
A > A, then, as t—> + o, the law of £%(¢) converges weakly to a different
probability measure p, which must be invariant for §. Also the same thing
happens for §_y ., and we denote by p_y .., the corresponding
invariant measure. This probability p (resp. g _y +,)) gives mass zero to
the set of finite subsets of Z ({— N, =N + 1, ...} resp.). In particular §,
and p (as well as 85 and gy , ;) are mutually singular.

Remark. It is known (see Ref. 3) that £ and § _ , ., have the same
critical parameter A,.

3.2. The Resulls

The process £, (¢), t > 0 has only one invariant probability measure
(which is 8), for any value of A. (This is a quite elementary fact since &, (7)
is a Markov process, with values on a finite set, in which it is always
possible to go from any state to any other, except for the empty set, which
is a trap.) Nevertheless, if A is big enough, and if we start the process with a
configuration with most of the sites occupied, then for a long time the
process will behave as if it were (statistically) in equilibrium with distribu-
tion p restricted to {—N,..., N}, where p is the nontrivial invariant
distribution corresponding to the contact process on Z?(Z) with the same
birth rate A. The point is that y restricted to { — N, ..., N} is not invariant
for £y(#), ¢ > 0 and what happens is that waiting long enough we will
suddenly see the system changing completely its statistical behavior, the
frequencies becoming stable around the real unique invariant distribution
of the finite contact process, i.e., 85. This is what we shall call metastable
behavior of the contact process, as discussed in the Introduction.

Now we will enounce precisely our results, which are analogous to
those obtained for the Curie—Weiss model, in Section 2. In order to do this,
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we need to introduce some new notations. First we remember that the
upper symbol in the notation of the process indicates its initial value. For
instance, £ _N,+w)s [ >0 means the process §_y .., starting with
6 (@) = 4. Let

= inf{t >0:¢4(n) = @}

= inf{¢>0:£) (1) =9)

We will omit the upper symbol when the process starts with the full
set, i.e., §0)=Z, £§,(0)={~N, ..., N}, etc. Also,
Ty =inf{t>0:§y (1) =2},
If A ={x} we write {*, T” and so on.
A cylindrical f: Z(Z)—>R is a function such that there exists a finite
set B C Z so that f(4) = f(4 N B) for all A € Z(Z). The smallest such B is
called the basis of f.

Given a real number R > 0 we define, for N = 1,2, ..., the measure-
valued process (45 (s), s > 0) given by the following empirical distribution:

1 s+R
CHODES 3 NP QL

M, (Z (Z)) denotes the space of probability measures on #(Z), with its
weak* topology (7 (Z) = {0, 1}* with product topology, and Borel ¢ field).
The processes A} have paths in D([0, + «0), M ,(#(2))) and the conver-
gence in the next theorem means convergence of the probability measures
in this Skorohod space, with its usual topology and Borel o field.

In the next proofs we shall use &, §_ y . ., to denote the corresponding
contact processes constructed with arrows pointing to the right only. It is
known that § and §_y ., also present critical phenomena; the critical
parameter will be denoted by A,. Remark: }\ > Ay

In the following theorems we would like to substitute >\ by A, and we
conjecture that this can be done. [It depends on our proof of (3.12) in
Theorem 3.2.]

We can now state the following:

Theorem 3.1. If A > X* there exist increasing sequences of real
numbers (Ry)y -, such that the processes Ay r,(SETy, -), s > 0)) converge
in law, when N — + cc, to a jump Markov process (4 (s, -), s > 0) given by

pooif s<T
A(s, ) =
(5:) {aa it s> 7T

where T is a random time which has an exponential distribution with
mean 1.
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This theorem will follow, as in the case of the Curie—~Weiss model
(Theorem 2.1), from the following results, which are stated and proved
next.

Theorem 3.2. If A > A,, then Ty/ET, converges in distribution, as
N = o0, to a unit mean exponentially distributed random time.

Theorem 3.3. A > X*, there exists an increasing sequence of positive
real numbers (Ry : N > 1) such that (i) R,/ ETy, =0 as N > + e, and (ii)
for all € >0, and all f cylindrical on #(Z),

P(oir}i’%N'AII*VN(lRN )= m(f) > € ky > o)
where K, = max{/ > 0: /R, < Ty}.
Proof of Theorem 3.2. We first show (i) for all s >0, t >0
Nh_x)r(me[ Ty/By>s+1t] = P[Ty/By>s|P[Ty/By>1t]=0 (3.1a)
where By is defined by P(Ty > By) = e”!, and
y . By
(1) A}gl; E—TN_)I (3.1b)

To prove (3.1a) let us start considering that
P[Ty/By>s+1]

_ D P[Ty/By > s+t (Bys) = A|P[&(Bys) = 4]
= X P[Tu/By>s+iltu(Bus)=4]

X P&y (Bys)=4, Ty > Bys]
= > P[Tzf/{/BN>f]P[SCN(BNS)=A> TN>:8NS:1

= P(Ty/By > )P(Ty/By > 5)
+ D [P(T/By > 1) = P(Ty/By > 1))

X P(Ey(By)=A4,Ty > Bys) (3.2)
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Notice that by construction Ty > Ty so that
0< P(Ty/By>t)P(Ty/By>s)— P(Ty/By>s+1)

= S N}[P(TN/BN>t)—P(T;&’/BN>I)}

X P(éy(Bys)=A, Ty > Bys)
<3 [P(Iw/By> 0= P(T{/By > 1)]

AC{-N,..., N}
AEE,

X P(&y(Bys) =4, Ty > Bys)

+ P(Ev(Bys) € E,, Ty > Bys) (3.2)

where for 0 < b < N,

AN[—bb
|———[———M>3}, and p=p{d:0€4).

Eb:{AgZ: 11 2

Later on we shall use the fact that Ve >0 u(E,) > | — e if b is large
enough, which follows from

A i Mn[=bb]l _ =1 33
“{ -bJ‘i‘w*—zm——P}— (3-3)

(See Ref. 3 or 6 for the proof of the ergodicity of u.)
Thus, to prove (3.1) it is enough to show that for all € > 0 there exist
b = b(e) and N(¢) such that

(i) P& (Bys)EE,, Ty>Bys|<e if N>N(e (3.4)

and

(ii) Az Pléy(Bys)y=4, Ty > Bys)

EE,
X (P[Ty/By>1t]— P[T{/By> t])<e

if N > N(e).
Since b = b(e) is fixed in (i), it is enough to verify that for all 4 € E,

0L P[Ty/By>1t]— P[T{/By>1] <e (3.5)
if N > N(e). Notice that the left-hand side in (3.5) is less than or equal to

P{Ty # T{]. We shall show that P[Ty # T{] < € if N > N(e), for all
A€E,
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Since 4 € E, we have |4 N [—b,b]| > p(2b + 1)/2. On the other side,
we know that if [4] = n,

P[T"=+00]>P(T" = +c0|=p{B:BN[Ln]#0} 71

as n A + o0, provided A > A,, where [, #] really means [1,n] N Z.

Given € > 0, let us take n(e) such that if n > n(e) then p{B: B N[1,n]
#@} > 1 — e see Ref. 5 and take b = b(e) such that p(2b + 1)/2 > n(e).
Then

P[TAM-PP = 0] >1~¢ (3.6)
Now, by construction
[TA”[_}”b]=+oo]= U [T"=+w%]
xEAN[~b,b]
Ifxe{—-N,...,N}let
Uy =inf{t :£*()y N {—N,N} +0)} 3.7

with the convention that when this set is empty we set Uy{w) = + 00.
On the other side, by a standard argument for Markov chains

P[T*=+owand Uy =+ ] =0 foreach x€{—-N,..., N}
Thus, setting

A=A(A,b,N)d=-e-f[T"= + 00 and U < + oo for some x € 4 ﬂ[—b,b”

we have
PA)y>1-¢ (3.8)
for our previous choice of b.
Let us also remark that for each x € {—N, ..., N} we have (by

construction)
() =¢&u(t)y if r< Uj andso
Us < Ty < Ty ontheset [T*=+c0], if x€A4.
Now,
P[Ty# T < P(A) + P(AN[Ty# Ty))

with A = A(A4,b,N), since P(A°) < e for b = b(e) we need to take care of
the last term. We have

rnn =, 8 080y

P([Ty# TH]I[£¥(US )= B] N A) (3.9)
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where if w € A, X(w) is the smallest x in 4 N[—5,b] such that T*(w) =
+ o0 and U™ (w) < + 0. [Outside A set X(w) = 0 for example, so that it is a
well-defined random variable.]

It is very simple to verify that

Sonlr@rol=gynr@.r o]
if x €4 and t < T*, where
F(y=min§*(r) and r*(r) =max§{*(¢)
As a consequence we have that for all w € A
£¥(nn [IX(t),rX(t):l =(HN [IX(z),rX(z)]
=& N[X ¥ (n] i < UY

It is obvious for w € A that there is one (and only one) of the next two
equalities which holds:

Y(Uy)=-N or r*(Uj)=N

To fix ideas, let us suppose /*(Ux) = — N. Then .
AN

£A(U,§)-ﬂ[~N,rX(U,{,‘)] =§(U3,Y)ﬂ[—N,rX(U,f,()}\

Thus using the spatial symmetry of the process we see that the right-hand
side of (3.9) is bounded above by

P([IE¥(UF) < ()] N A)

+2 > P([¢¥(UX )= B] ﬂA)P([T,ﬁ’# TNBUB‘])
~NEBC{~N,..., N}
|B|> n(e)
where B={y€Z:minB < y <maxB} and 1< n(e) < N. Also, it is
known that lim, ,, _|{*(?)|/t = a, where « is a positive constant for almost
all w €[T* = + 0]. (See Ref. 3, Theorem 9.)

On the other side Uy is greater than a sum of N — b independent
exponential random variables with mean 1/A. Thus U{—> + o as. on
[T* = + o0]; on the other end we have that Vm : [£¥()] > m for all suffi-
ciently large times a.s. on [T, = + ]

From this it follows that, given n(e), there exists N,(e) such that if
N > Ny(e) then P([|£¥(UR)| < n(€)] N A) < e. So, it is enough to show that
we can choose n(e) large enough so that if BC{—N,..., N} with
— N € B and |B| > n(e) then there exists N,(¢) such that

P([T¥#Ti%))<e it N >Nye (3.10)
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Since A > X* we can take n(e) sufficiently large so that
P([f“’"(‘” =+0o])>1—¢

where T4 =inf{z>0:£4(s)=@) and &) is the contact process con-
structed with arrows to the right only. .

Thus,if BC{—N,...,N}, —N € B and |B| > n(e), P[T? = + 0]
>1—e Let

Vi=inf{r>0:N Egg(t)}

with the convention VE(w) = + oo if this set is empty. It is easy to see that
for such B, on [T® = + 0] we have VE < T# and also

EB(ty=E8(CtB(r)y ff 1< V¥ and
(.11
EE () =£8F (1) if 1> VE
Thus

P([Tﬁse T,@UE‘D <P([TP< +w])<e
which shows (ii) in (3.4).

Remarks. (1) The reader may check the second line in (3.11) by
observing the following: first of all

max£P (1) < maxg2 (1), if 1< VP
and
[mingﬁ(t),maxglg(t)] NEBVE(y)
=[min&{ (1), max &7 (1)] N &7 (¢)
if 1 < TP

Now, if —N € B, since max B < min B we have
(N[ -Nmaxgi(n]=&7 (yn[-Nmaxgf (1)) i < TE.

But at the time ¥ we have max£Z(r) = N so that £E(VE) = ¢EV B (VE)
and the statement follows.

(2) Tt is clear that when we write £ and CZ {— N, ..., N}, what we
really mean is that the starting configurationis C N {—N, ..., N}.
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Now, let us show (i) in (3.4). We have
P&y (Bys) € Ey» Ty > Bys]
< P&y (BnS) € Ey, Ty > Bys, mingy (Bys) < =N + L,
max{y (Bys) > N — L]
+P[minéy(Bys) > —~N+ L, Ty > Bys]
+ P[max&, (Bys) < N = L, Ty > Bys] (3.12)
we are assuming N > N — L > b. By construction if Bys < Ty
Ev(Bys) N [mingy (Bys), maxéy (Bys)]
=§(Bys) N [min Ev (Bys), max &y ( BNS)]

Thus the first summand in (3.12) may be bounded above by P[&(Sys)
& E,). And, since P[&( Bys) & E,]1—> p(E;) < ¢, we can find N,(e) € N such
that '

P&y (Bys) € E,) <2 if N > Ny(e)

Finally, we must control P[min§y(Bys) > — N + L, Ty > Bys], the
other term in (3.12) being analogous.

It is easy to see that if # < Ty then min£,(¢) > — N + L if and only if
ming _y , () > — N+ L. But, from construction £y(f) C&_y 4 a)(0)
for all ¢> 0. Thus it suffices to show that if min§ ., ()< —N
+ L, then min§y(#) < —N+ L too, provided f<T,. In effect, if
ming _y ,.y(#) < —N+ L then there exists a path from some point
(x,00)e{=N,-N+1,... xR, to (y,)E{~-N,..., - N+ L}
XR,. lfx€{—N,...,Njthen y €§,(¢), as we wished. Let us consider
then the case x > N: since, by hypothesis 1 < T, i.e., there exists a path
from (u,0)€{—N,..., N} XR, to (v,)€{—N,...,N} xXR,. This
path must meet the one which goes from (x,0) to (y,#), and thus y € &, ().

Consequently,

P[minéN(BNs) >—~-N+LTy> ,BNS]
< P[ming_y 4o Bys) > —N + L]
Let us now take L = L(e) such that
Bonto)ACI=N,+0)NZ:AN[~N,-N+L]|=0}<e

[Such L(e) exists if A > A,.] Finally, since §_ v , o0 (£) = 1y v, + o) Weakly,
as t— + oo, we have

P([£[—N,+oo)(BNS) >—-N+ L]) < 2e if N > Nye)
thus completing the proof of Eq. (3.1a).
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Now, owing to the definition of 8, and the monotonicity in ¢ of
Py(Ty > But), it is easy to show that

Jim P(Ty/By > 1) = exp(~1) (3.13)

Equation (3.13) together with Eq. (3.1b) clearly implies ‘the result, so that
we are left with the proof Eq. (3.1b).
From Eq. (3.2") and from the definition of 8, we have that

V integer n P(Ty/By > n) < exp(—n)
Now, since
ETy/By= [ “P(Ty/By> )i

it follows from Lebesgue’s theorem that

4 — ® s = *® -1 =
ngx;ETN/ﬁN_fO Jlim P(Ty/By > t)dr foe di=1

Remark. The reader should be aware that in the proof of both
theorems we have used the letters 4 and B to denote at least two things: A
denotes a configuration (a subset of Z) and 4} (f) denotes a time average
(as in Theorem 3.1). B sometimes denotes a configuration and B}Y denotes
an event.

Proof of Theorem 3.3. Since T, is as. finite, for any positive
number Ry, K, is a well-defined and finite random variable with values on
N. Moreover, if the R,, verify condition (i) above we know, by Theorem 3.2,
that P(Ty < Ry)—>0 as N— 4+ o0, ie., P(Ky = 0)—>0. Let us now assume
(Ry) is a sequence satisfying (i). For € > 0 and f cylindrical given, let

BY =[|A& KRy ) = [ fdu|> ¢]
Ky =]D

Then, for any integer m > 1
j—1
U B/
k=1
m
> P[1< Ky <m]— > P[Ky=/]
j=1

PlKy>1, (BkN)C}=;§:P[KN=jJ(1—P

O0<hk< Ky

yE P[BY =
Jomax [B | Ky =]
Now, we can take L = L(¢), positive integer such that the support of fis
contained on [~ N + L, N — L],

BN+ oy{A A m[—N,—N+L]=0}<Zm§—”— for N>L
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On the set
[mingy (r) < =N+ L, max§, (1) > N - L],
we have
JEn (1) = f&(1)

If we let h(-)=1, (-); Dy, ={n:0N[~N,—N+ L]=0)}, then for
1< Ty

h(En () = A& -5+ (1)) (3.14)
So, if k <
PIBY | Ky = /] < PH Rl O ) ffd”i>ﬂ
+2P

1 (k+ 1Ry €
4 h £
207l ) > 5 |
We want to show that we can choose Ry ,my so that (i) holds and also
P[Ky < my]—1
| PR + e P(T) | >0
where

I M COES FETEEY

_ 1 (k+DRy €
21 R [ R w0) > §
By construction

§on+ufkRy + 1) = kRNg[g(k1§+oo)(f) Crribl = N+ o)(B)

where & _ v . ,,)(*) is the contact process constructed with the Poisson point
process translated in time by s. More precisely, for each 4

(3.15)

¢ (#) = { y € Z : there exists a path going up from (x,s) to

(p,s + t) for some x € 4}.

Remark. 1In formula (3.19) we shall use £ instead of §_, , ., be-
cause the notation would be too heavy.

Since £ is decreasing, we have

h(kszgl—N,+ oo)(t)) < h(£[—N,+oo)(kRN + Z))
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and so

...1_ Ry £ <L (k+ DRy d
% jg} e, 6()) 41 < - L . h(&(1y) dt
1 rr
_— K;J(‘) Nh(kRNEE(kRN)(t)) dt

[ ’ 1 (& p
QJPI_N,J,W){dé} RN\[(; k(k&g (5)3655 (3.19)

where in the last step we use that ,z £(1) D £ (2), that h is decreasing and
that g _y . ., 1s an invariant measure for the process.

Now, by Birkhoff theorem the last term on (3.19) can be made
arbitrarily close to [Ad _y .y (as.), which can be taken very small by
properly choosing L.

We have shown that max,.,P(I})~>0 when Ry—> +00. Let us now
look at 7.

For this we shall also use a result by Harris and Griffeath®®® which
tells us that for a cylindrical function f,

" fo (&) di-> f fdu  as.

Let us assume for the moment that the cylindrical function f is
increasing.

Then, the same argument which gave (3.19)>—but for the contact
process on Z—allows to write

:!% Jg R,\v»{(kgﬁg{i}) dt > gi:; J(; Ry f{éﬁwg é{&-ﬁy}{ {}} 4

o MR COL

Ry

> [ p(dd) RiN [ e (1))

Using the ergodic theorem of Birkhoff, the individual ergodic theorem
of Harris and Griffeath, and the properties of translation nvariance for the
Poisson point processes, we have if £ > 1

P{ }%L:: 1)R~f(§gs})dz -—jf@ > E} < §
if Ry > 5(8"), with 5(8") defined by
1 s o 5
PH ng f&(y)ar ffa‘;;, > e} <L

wl



630 Cassandro et al.

and
P[Up(dA)%fosf(éA(t))dt—ffdul>e} <%
if s > s(8).
Let us define

a(Ry) = rgﬂp(r’,ﬁ) + P(fg)]

Then a(-) is monotonic decreasing and goes to zero at infinity. We would
like to find R, and m,, satisfying simultaneously

(a) P[Ty < myRy]—1
(b) Ry/ETy—0
(©) my-oa(Ry)=>0 as N—+ow

Let ¢(N) and @(N) be such that Y(N) .7+ o0, ¢(N) 7 + 0. We try
to define Ry = ETy/@(N) and my = @(N)Y(N): with this (i) is immedi-
ately verified. To satisfy (ii) it will be enough that

>0

Then, it will be enough to take () so that y*(N).7 + slower than
1/a(ETy/p(N))9X(N). Now, let us suppose that for our initial choice
@*(N) - «(ETy/p(N))+0. Otherwise the problem is solved). Then, let us
take ¢ such that

2 ETN
i (N)'a(qv(N)

P(N) A +c0

(i)Z(N) . (x( ETy )—-)0
P(N
Since a is decreasing ¢(N)’a(ETy/$(N))—>0 as N — + co, and we define
Ry, = ET,/§(N) and
my = ¢(N)-¢(N)
for ¢/(N) as discussed above. This completes the proof, if f is increasing.
Same argument holds if f is decreasing. The general case follows since any

cylindrical function can be written as a finite linear combination of such
functions.

Proof of Theorem 3.1. After having proved Theorem 3.2 and
Theorem 3.3, this result follows, on the same line of Theorem 2.1. W
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APPENDIX
Here we summarize some elementary results which we use.

Lemma A.1. Let (£(¢)),cn be a discrete time Markov chain on
{0,1,..., N} with transition probabilities given by Q,.= P({(+ + 1)
= j|&(t) = i), where

=g if j=i-1
=r=1-(p;+q) if j=1i
with p,,q; >0ifi=1,...,n—1,¢9,=0,Py=0,andp,+ g, +r,= 1.

i
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Let T; = inf{¢ > 0:{(r) = j}. Thenforalln € {1, ..., N},
n—1 / .
9s P
E(T,)= - if j<n (Al
J( ) E—: I-=I pl z Pl(s=]:t—l+l ps) / ( )
o Pr
P(T, <TO)_-’—-‘—"7‘—?"— it 1<j<n (A1)
P
i=1 k=1 Yk
J - N-—1 i-1
Pi 1 Ps e
E(T,)= =~ =~ = - if j>n
(1) 1§+1{‘1(1-_—-I ‘1) 9 z%—lqi(sl—_——llqs):i /

(A2)
where E; denotes E(- |£0) = j). Similarly for P,.

Proof. 1t is obtained by the well-known method of difference equa-
tions. M

Lemma A.2, Let {(f),cy be an irreducible discrete time Markov
chain, with values on a finite set E. Calling
m=inf{t > 1 :§(f) = x,}
Then

T

Z (&) = B{P)Ex(7) (A3)

t=

Proof. We shall show that if f: E—>R

S ELI60)] - B S 1ak(o)

= 3 I0E 16| (A%

But the right-hand side is equal to
o k-1

f(xo) + 21 ; x;x FOYP(8(k) = X0 &(5) = x, §(5") # xo if 5’ < k)

= 3 EJE)
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Also, the left-hand side is equal to

DLV COLE PIRTE)

T

= Ex"sgl Ego f8(1))
= £,3 61+ 5)
-5, B SIOPED =0+ E S fw)- 3 i)

- £, 3 ft(w)

because
E, 3 J60)= £, 3 f(Ew)

This proves (A4) and (A3) follows immediately. W

Lemma A3. Let us consider the process £, of Section 2. Then, for
_ . : p WV
TN ny.i vy as defined in Section 2, we have

= k 3/4
N c(k+1)N
E(Tnim) < e
for all £ > 1, and some constant c.

Proof. It can be obtained by the same method used in Lemma Al.
n
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